Prime factorization is an outstanding problem in arithmetic, with important consequences in a variety of fields, most notably cryptography. Here we employ the intriguing analogy between prime factorization and optical interferometry in order to obtain, for the first time, analytic expressions for closely related functions, including the number of distinct prime factors.
For millennia, people have been fascinated with the world of numbers and in particular with prime numbers. As early as 300 BC Euclid proved the infinitude of the primes and laid the foundation for the proof of the fundamental theorem of arithmetic. The last centuries have seen a surge in scientific activity focused on the primes and related mathematical themes, with leading mathematician such as Euler and Riemann greatly contributing to our current knowledge regarding the complexity of the distribution of primes. However, prime factorization of integers, especially that of large numbers, is still a formidable task. As a consequence, different applications in fields such as cryptography have been developed, which take advantage of the great difficulty of factoring large numbers (e.g., the RSA cryptosystem [1] ).
During the last decades, physicists have contributed to the investigation of integer factorization as well as related mathematical topics, such as the Riemann hypothesis (see [2] and the references therein), through investigating the relationship with various physical systems. In particular, the intriguing relationship between quadratic Gauss sums and integer factorization has led to recent experimental realization of integer factorization through NMR and optical interference (see e.g., [3] [4] [5] [6] [7] ).
In this Letter we explore the relationship between prime factorization and optical intereferometry with the aim of obtaining novel analytic expressions for numbertheoretic functions directly related to prime factorization. Our study, which is based on the relationship between the multiple-slit interference experiment and the occurrence of the primes, exhibits the potential of physical analogy not only in realizing a mathematical enigma experimentally, but also contributing to the theoretical endeavor to unravel the enigma.
The fundamental theorem of arithmetic states that any positive integer n can be decomposed into prime numbers in a unique manner, that is: 
where ω(n) is the number of distinct primes function, p i is the the i th prime and α pi (n) is the corresponding power. a consequence of the fact that for a given prime p all integers divisible by p can be written as N p = mp, where m is an integer. We define the following function, which conveys the periodicity of the occurrence of a prime p:
The second feature concerns with the synchronization in the occurrence of the different primes in Table I , or equivalently, the synchronization of the ψ p (n)'s. A close examination shows that the occurrence is in phase with respect to extrapolating the periodic set {ψ p (n)} backward toward zero, where ψ p (0) = 1 for all primes. The third feature we note is that a particular prime number p * appears in the table when ψ p (0) = 0 for all p < p * . Thus, knowledge of an initial set of m primes 2, 3, ..., p m allows for the determination of at least one consecutive prime. In fact, it is easy to be convinced that this set allows for the determination of all consecutive primes obeying:
Examining Eq. 2, we recall a similar functional dependency which appears in optical interferometry. It is well known that the normalized intensity of p coherent, monochromatic sources in the form of infinitely narrow slits positioned on a line with spacing d is given by [8] ,
where, λ and θ are the wavelength and angle with the normal at the midpoint of the slit arrangement, respectively. Figure 1 depicts the intensity for the particular case p = 5, where we have used: x = dsin(θ)/λ. The function I p (x) can be made to coincide for all positive integer values with ψ p (n) through the coordinate transformation x = xp. This is analogous to scaling the distance between sources by p in Eq. 3, a scaling which will prove valuable further on when we superimpose contributions of different (non-coherent) sets of sources. Thus, I p (x ) has its maximal value of unity for any integer divisible by p, and vanishes for all other integers. In what follows we will omit the superscript '. The fact that ψ p (n) = I p (n) enables us to make the following statement with respect to the third feature pointed out earlier. Let 2, 3 , ..., p m be a set of m initial primes and define:
Then finding the consecutive set of primes which obey p < p The analogy with interference of narrow slit sources is conceptually rather simple, though experimental implementation might prove difficult. Equation 4 represents a superposition of contributions due to m sets of infinitely narrow slit sources (in an experimental realization one would need to take into consideration the effect of diffraction due to the finite width of the slits). Each such set has p i coherent sources with spacing d/p i . While all sources (in all sets) have the same wavelength λ, different sets are non-coherent. Figure 3 depicts the arrangement of narrow slit sources corresponding to the m = 3 scenario. Note that due to the fact that the superposition is of sets consisting of a prime number of sources, the sources never overlap, except for the middle point (marked white in Fig. 3 ), which is shared by all odd sets. We also note that if the different sets (i.e., pertaining to different prime numbers) were coherent, which would be equivalent to illuminating the slit arrangement with a single monochro-matic, coherent beam, the functional dependency of the intensity would be qualitatively different, in large part due to the coupling terms representing interference between the different sets. The partial sum ω m (x) has three qualitatively different regions. For 2 ≤ x ≤ p m , ω m (n) faithfully represents the number of distinct primes in the factorization of n. In particular, ω m (n) = 1 for n = p i . In the second region, p m < x ≤ p There is an intriguing connection between ω m (n) and the sieve of Erastosthenes, which provides a rigorous procedure for finding all primes smaller or equal to a given integer N . Starting from the first prime p 1 = 2, one marks all multiples of the prime up to N . The first integer left unmarked at every step is by definition a prime number and is used in the next step in order to locate additional composite numbers. The procedure terminates when one has located all primes smaller or equal to √ N . In a similar manner, as pointed out above, the partial sum ω m (n) distinguishes between composite integers (ω m (n) > 0) and primes (ω m (n) = 0) in the interval p m < n ≤ p 2 m , based on a known initial set of m primes. Thus, by locating the zeros of ω m (n) in this interval one obtains the consecutive primes p m+1 , ..., p m+k (where p m+k is the closest prime smaller than p 2 m ). The next step in the procedure is to locate the zeros of ω m+k (n) in the interval (p m+k , p 2 m+k ). As in the sieve of Erastosthenes, the procedure ends when one has located the largest prime, which is smaller or equal to √ N . An important consequence of Eq. 4 is:
It is important to note that, apart from being important in its own right (e.g., [9, 10] ), ω(n) is related to other important functions encountered in number theory (and elsewhere), such as the prime-counting function π(x) and Riemann's zeta function ζ(s) (s > 1). In particular, one has the following identity [11] ,
The analogy between prime factorization and optical interferometry can be taken even further. An important function related to prime factorization is the total number of prime factors (with multiplicity) defined as,
In order to obtain an expression for Ω(n), we are led to examine the dependence of α p over the positive integers which are divisible by p (for all other integers α p = 0). We have already seen that I p (n) conveys the periodicity of occurrence of the prime p in the factorization of integers.
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FIG. 4:
Relationship between αp(n) and the set {Ipm (n)} (m=1,2,3,...) for the particular case p = 3. Figure 4 depicts the first fifteen non-vanishing entries for the particular case α 3 (n), together with the corresponding values of I 3 , I 9 , I 27 and I 81 . A close examination leads to the conclusion that α p is a superposition of contributions from: I p , I p 2 , I p 3 , ...,
Substituting Eq. 7 into Eq. 6 one then gets:
In summary, we have explored the analogy between prime factorization of integers and optical interferometry with the aim of obtaining analytic expressions for number-theoretic functions closely related to prime factorization. It was shown that the normalized intensity corresponding to a set of p coherent sources possesses the functional dependency pertaining to the occurrence of the corresponding prime in the factorization of the integers. We then examined the partial sum ω m (n), pertaining to the intensity field of m sets, each consisting of a prime number of narrow slits, and elaborated on its connection with the sieve of Erastosthenes. An analytic expression for the number of distinct prime factors ω(n) was then derived through taking the limit of infinite sets of slits. Finally, we also obtained analytic expressions for the functions α p (n) and Ω(n), which together with ω(n) completely define prime factorization.
